In this paper we present a new approach to the inverse problem for relativistic stars using the piecewise polytropic parametrization of the equation of state. The algorithm is a piecewise polytropic meshing and refinement method that reconstructs the neutron star equation of state from experimental data of the mass and the tidal Love parameter. We use an initial mesh of 65536 equations of state in a 4-volume of piecewise polytropic parameters that contains most of the candidate equations of state used today. The refinement process drives us to the reconstruction of the equation of state with a certain precision. Using the reconstructed equation of state, we calculate predictions for quasinormal modes and slow rotation parameters.
In this paper we present a new approach to the inverse problem for relativistic stars using the piecewise polytropic parametrization of the equation of state. The algorithm is a piecewise polytropic meshing and refinement method that reconstructs the neutron star equation of state from experimental data of the mass and the tidal Love parameter. We use an initial mesh of 65536 equations of state in a 4-volume of piecewise polytropic parameters that contains most of the candidate equations of state used today. The refinement process drives us to the reconstruction of the equation of state with a certain precision. Using the reconstructed equation of state, we calculate predictions for quasinormal modes and slow rotation parameters.
In order to check the meshing and refinement method, we use as input data a few (6) configurations of a given equation of state. We reconstruct the equation of state in a quite good approximation, and then we compare the curves of physical parameters from the original equation of state and the reconstructed one. We obtain a relative difference for all the parameters smaller than 7.5%.
We also study the constraints that impose the GW170817 event on the piecewise polytropic parameters {log 10 p1, Γ1, Γ2, Γ3}. We use the waveform model TaylorF2 for the low-spin scenario, and see that the EOSs that lie outside the 90% credible region whenλ tid 1 =λ tid 2 define a zone of polytropic parameters that does not depend on Γ3.
I. INTRODUCTION
The detection of gravitational waves by the LIGO-VIRGO collaboration (GW150914- [1] , GW170814- [2] , GW170817- [3] ) opens a new era in relativistic astrophysics. In particular, the GW170817 event, which seems to be the consequence of the merging and colliding of a pair of neutron stars, can be used to study the properties of these relativistic stars. In fact, binary mergers containing at least one neutron star offer a new possibility to constraint the EOS of matter at supranuclear densities.
In principle, several observations of isolated and binary neutron stars may provide a set of pairs of mass-radius (M, R) or mass-tidal Love parameter (M,λ tid ) dense and accurate enough to reconstruct the neutron star EOS. The problem to obtain the EOS for neutron stars from macroscopic data of these stars has been treated by Lindblom using the mass-radio curve in [4] , recent modifications can be found in ( [5] , [6] , [7] ). This problem receives generally the name of inverse stellar structure problem. Other authors have studied the inverse problem using different techniques ( [8] , [9] , [10] , [11] , [12] , [13] ). In this paper we develop a method to reconstruct the EOS of neutron stars from a collection of pairs (M,λ tid ). Similar problems have been treated by several authors since the observation of the GW170817 event ( [14] , [15] , [16] , [17] ). Here we propose a new approach to the inverse problem * juanmena@ucm.es † mgromero@fis.ucm.es based in the piecewise polytropic meshing and refinement method presented in a recent paper [18] , where we used w-quasinormal modes (QNMs) spectra to reconstruct the equation of state. Our method to solve the inverse problem requires to generate a wide mesh of EOSs in a 4-volume of piecewise polytropic parameters (we will generate a total of 65536 EOSs in the initial mesh). Since it will be necessary to calculate theλ tid (M ) curve for each EOSs in the mesh, we will take advantage of these curves to study the restrictions that impose the GW170817 event to the piecewise polytropic parameters.
In section II we briefly summarize the necessary theoretical background, starting with static and spherically symmetric stars in order to introduce tidal deformations. In section III we verify that the programs developed for the calculation of the tidal Love parameter work correctly using different types of EOSs. In section IV we develop our piecewise polytropic meshing and refinement method to solve the inverse problem. In section V we test the method with an explicit example by using 6 APR4 configurations as input data. In section VI we study the constraints that impose the GW170817 event on the piecewise polytropic parameters, and also together with the 2M constraint. Finally, in section VII we finish the paper with a summary of the main results.
II. OVERVIEW OF THE FORMALISM
Here we will show the necessary differential equations to calculate the tidal Love parameter of non-rotating neutron stars. We will start with static and spherically sym-
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metric relativistic stars and then we will introduce tidal perturbations.
A. Static and spherically symmetric relativistic stars
Coordinates can be chosen so that the line element has the form
We will consider the matter in the interior of the star as an effective perfect fluid with a barotropic equation of state. u µ is the fluid's 4-velocity, p is the pressure and is the energy density/c 2 . It is widely known that the equations describing static and spherically symmetric relativistic stars are given by
Writing down the Einstein equations, one finds a first integral of motion,
and a system of two ordinary differential equations,
where v = h 2 + k 2 . Once these equations have been numerically solved, we will calculate the tidal Love number, k tid 2 . The tidal Love number is related to how easy or difficult it would be to deform a star. It is given by [21] 
where
C is known as the compactness parameter, and sup is the energy density/c 2 at the surface of the star, if nonzero [22] . We will be interested in calculating the socalled tidal Love parameter, which is given in terms of the tidal Love number k 
III. THE CODE ANALYSIS
In order to check the codes developed to solve the equations obtained in section II, we have used well known equations of state of different types (EOS with plain nuclear matter, with hyperons, for hybrids stars and for quark stars). We list below the different models of EOSs considered in this paper.
• For plain npeµ nuclear matter we use -APR4 EOS [23] , obtained using a variational method.
-SLy EOS [24] , obtained using a potentialmethod.
• For mixed hyperon-nuclear mater we use -GNH3 EOS [25] , a relativistic mean-field theory EOS containing hyperons.
-BHZBM EOS [26] , a non-linear relativistic mean field model involving baryon octet coupled to meson fields.
• For hybrid stars we use ALF4 EOS [27] , a hybrid EOS with mixed APR nuclear matter and colorflavor-locked quark matter.
• For hybrid stars with hyperons and quark colorsuperconductivity we use BS3 EOS [28] , obtained using a combination of phenomenological relativistic hyper-nuclear density functional and an effective NJL model of quantum chromodynamics. The parameters considered are vector coupling G V /G S = 0.6 and quark-hadron transition density ρ tr /ρ 0 = 3.5, where ρ 0 is the density of nuclear saturation.
• For quark stars we use WSPHS EOS [29] , an unpaired quark matter EOS with parameters B For our method to reconstruct the EOS of neutron stars, it will be necessary to calculate thousands of these M −λ tid curves, as will be explained in section IV. Once the EOS is reconstructed, we will be able to make predictions of other macroscopic parameters. We will consider parameters calculated for slowly rotating relativistic stars, together with the axial quasinormal modes. The necessary equations and algorithms we will use to calculate these parameters can be found in reference [18] .
In section VI we will study the constraints that impose the GW170817 event for thousands of EOSs generated with the piecewise polytropic parametrization. Now we will study these constraints for the EOSs considered in this section.
The observation of gravitational waves provides new information about which models of EOSs are more likely to be candidate EOSs. The GW170817 event was the first observation of gravitational waves from a binary neutron star inspiral [3] . Consider the waveform model TaylorF2 for the GW170817 event of reference [30] . This model leads to a chirp mass given by M = (1.186 ± 0.001)M (11) and a mass ratio given by
for the low-spin scenario. From now on, we will only consider the low-spin scenario because it matches observations of binary neutron stars in our Galaxy [31] . With eqs. (11) and (12) one could calculate the possible values of the masses of both stars by using the definition of the chirp mass,
Once this is done, one could also calculate the corre- Predictions for tidal deformability given by the different realistic EOSs considered in this paper, under the assumption that both components are neutron stars. Contours enclosing 90% and 50% of the probability density are shown as dashed lines (both curves taken from reference [30] ).
In FIG. 2 we observe that GNH3, BHZBM, BS3 and WSPHS EOSs predictλ
tid values outside the 90% credible region.
IV. THE PIECEWISE POLYTROPIC MESHING AND REFINEMENT METHOD FOR THE INVERSE PROBLEM
The meshing and refinement method explained in this section is analogous to the one we developed in reference [18] . The main difference is that here the algorithm starts with a set of pairs of mass-tidal Love parameter (M,λ tid ) instead of mass-frequency of the fundamental wI mode (M, ν).
The complete knowledge of the neutron star EOS makes possible the calculation of macroscopic quantities such as the mass, the quasinormal modes, the tidal Love parameter, etc. Viceversa, from the measurement of macroscopic observables it is possible to invert this map and reconstruct the EOS: this is the so-called inverse problem [4] . The piecewise polytropic parametrization fits a large class of realistic and candidate EOSs [32] . In fact, the polytropic parameters {log 10 p 1 , Γ 1 , Γ 2 , Γ 3 } for a wide variety of EOSs can be found in TABLE III of reference [32] . Thus, each EOS is determined simply by specifying 4 numbers. Here is where the idea of our inverse stellar method arises: we will create a mesh of EOSs in a 4-volume of piecewise polytropic parameters {log 10 p 1 , Γ 1 , Γ 2 , Γ 3 }. This mesh has to include as many candidate EOSs as possible, for example, from the ones listed in TABLE III of reference [32] . The initial mesh of polytropic parameters we chose is given by From now on, the sub-index in an interval will indicate the number of equidistant elements taken in that interval. Hence, we will have a total of 16 4 = 65536 EOSs in our initial 4-volume, i.e. 65536 points in a 4-dimensional space of coordinates {log 10 
As shown in the illustration of the inverse problem, FIG. 3, we will reconstruct the neutron star EOS from measurements of the tidal Love parameter (λ tid ) and the mass (M ) of some different neutron stars. The input data will be denoted as M exp andλ tid exp . Our algorithm will numerically calculate eachλ tid i (M i ) curve (i = 1, . . . , 65536) in order to find the most similarλ tid (M ) curve to the input dataλ tid exp (M exp ). That is, it will find the point in the 4-space of coordinates {log 10 p 1 , Γ 1 , Γ 2 , Γ 3 } that represents the input data with a certain precision.
The algorithm proceeds as follows: 
We only calculate e i for those EOSs that fulfill the condition max(M i ) ≥ max(M exp ). The smaller e i is, the more similarλ
4. sort the EOSs in increasing order of e i and check the value of min i (e i ). A scheme of the entire meshing and refinement method is shown in FIG. 5. Once the algorithm has finished, we will have a reconstructed EOS. Then, we will be able to calculate other macroscopic parameters (such as the moment of inertia, the QNMs,…) in order to make predictions that can be compared with other experimental data.
if min
Since today we still do not have the necessary experimental data, in order to test the algorithm we will suppose that the measured macroscopic parameters correspond to, for example, the ones calculated for APR4 EOS (M exp = M APR4 andλ tid exp =λ tid APR4 ). We will consider Once the algorithm has finished, we will have a reconstructed EOS. Then, we will be able to calculate other macroscopic parameters (such as the moment of inertia, the QNMs,. . . ) in order to make predictions that can be compared with other experimental data.
Since today we still do not have the necessary experimental data, in order to test the algorithm we will suppose that the measured macroscopic parameters correspond to, for example, the ones calculated for APR4 EOS (M exp = M APR4 andλ tid exp =λ tid APR4 ). We will consider 6 of the 20 APR4 configurations shown in FIG. 1. Since APR4 is a known EOS, we will be able to directly compare the reconstructed EOS with the original one and also to compare them in macroscopic parameters.
The numerical results of the meshing and refinement method are described in section V.
V. TESTING THE MESHING AND REFINEMENT METHOD
Here we will consider 6 APR4 EOS stellar configurations as our input data, i.e. M exp = M APR4 and λ tid exp =λ tid APR4 , in order to test the meshing and refinement method explained in section IV. To carry out the test we will consider a tolerance tol = 0.02.
First iteration of the method
We proceed as explained in section IV (steps 1. to 4. Since min i (e i ) ≥ 0.02, we proceed with the refinement of the initial mesh (step 5. of our method). Hence, we define a local refinement of the initial mesh of piecewise polytropic parameters that contains the EOSs listed in TABLE I. We will explain the refinement process with an explicit example. The original Γ 2 vector, eq. (14), was given by
The difference between two elements in this vector is given by
We define the Γ 2 vector for the next iteration as
By taking a look at We have chosen each vector to have a total of 10 elements.
Second iteration of the method (first refinement)
The polytropic parameters of the first 3 EOSs with the smallest values of e i in the mesh of EOSs given by eq. (20) In the third iteration we will have a total of 10 4 = 10000 EOSs.
Third iteration of the method (second refinement)
The polytropic parameters of the first 3 EOSs with the smallest values of e i in the mesh of EOSs given by eq. (21) Since min i (e i ) < 0.02, we stop the algorithm. From now on, the first EOS listed in TABLE III will be denoted as the reconstructed APR4 EOS.
Comparison between the original and the reconstructed APR4 equations of state
Here we will distinguish between three different APR4 EOS:
• The original APR4 EOS [23] .
• The reconstructed APR4 EOS. This is the one our algorithm reconstructed, whose polytropic parameters are listed in the first row of TABLE III.
• The polytropic APR4 EOS. This one is the polytropic fit of APR4 EOS, whose polytropic parameters can be found in Since the input data correspond to 6 APR4 configurations, we can compare the reconstructed APR4 EOS with the original one (this would not be possible if we had used real experimental data). There are two different ways to compare them:
1. Directly comparing the EOSs. The easiest way to do it is by comparing the polytropic parameters of the reconstructed EOS with those of the polytropic one. The polytropic parameters of both EOSs are listed in , frequency and damping time of the fundamental wI mode (ν and τ ) and re-scaled ω of the fundamental wI mode (ω) (see reference [18] for further details about the calculation of these parameters).
The reconstructed APR4 EOS is very similar to the original one in macroscopic parameters. Comparing the results of both columns of TABLE V, we conclude that our polytropic reconstruction of APR4 EOS is quite good.
We conclude that our reconstruction of APR4 EOS with the meshing and refinement method is very similar to the piecewise polytropic fit. This means that, starting from only 6 input (M,λ tid ) points, we have been able to reconstruct the neutron star EOS in a good approximation.
A. Testing the meshing and refinement method with experimental error
Consider the same 6 APR4 configurations we used as input data for the meshing and refinement method. If the input data was experimental data, it would have an associated experimental error. In order to make an estimation of how this experimental error would affect the final results, now we will randomly modify the input data in a uncertainty interval, i.e. 
where X is either M orλ tid , and rand[A, B] represents the standard uniform distribution in the interval [A, B]. We will consider the same error M = λtid = 0.01 for both the mass and the tidal Love parameter.
The objective of this analysis is to find out how an experimental error, i.e. ∆M exp and ∆λ tid exp , would propagate to the polytropic parameters of the reconstructed equation of state.
We will carry out several realizations of the first iteration of the meshing and refinement method with different inputs. We here present three typical realizations to show the characteristics of the results.
First realization of the test
The results of the first realization of the test are shown in TABLE VI. 
Second realization of the test
The results of the second realization of the test are shown in 
Third realization of the test
The results of the third realization of the test are shown in Comparing the results shown in TABLEs VI, VII and VIII with those shown in TABLE I, we conclude that Γ 1 is the most affected polytropic parameter under a small variation of the original input data.
Note that the results presented here are just an estimation since we only show the first iteration of the meshing and refinement method. If several iterations were applied, we would expect the variations of all the polytropic parameters to be smaller.
VI. RESTRICTIONS ON THE PIECEWISE POLYTROPIC PARAMETERS GIVEN BY THE GW170817 EVENT
In section IV we generated a mesh of EOSs, given by eq. (14), and calculated theλ tid (M ) curve for each of them (30 configurations per EOS). In this section we will check which of these EOSs fulfill the constraints imposed by the GW170817 event.
Consider the waveform model TaylorF2 for the GW170817 event (reference [30] ). Let us calculate the mass that both stars would have if M 1 = M 2 for the chirp mass M = 1.186M , i.e. the central value of eq. (11) . Using the definition of the chirp mass, eq. (13), one finds that
If We will say that an EOS lies outside the 90% confidence contour ifλ tid (M = 1.3624M ) >λ tid 90% , i.e. for a given EOS we will use the following algorithm:
• calculateλ tid (M ). In particular, calculate with a certain precisionλ tid (M = 1.3624M ). This is only possible if the EOS reaches 1.3624M .
• compareλ
, we will say that the EOS lies inside the 90% credible region. Otherwise, we will say that the EOS lies outside the 90% credible region.
We will refer to the previous algorithm as theλ
criterion. We will apply theλ tid 1 =λ tid 2 criterion to the mesh of EOSs given by eq. (14) , which has a total of 16 4 = 65536 EOSs. For each of these EOSs, we have already calculated 30 stellar configurations. Now we are interested in calculating the 1.3624M configuration with a certain precision, which will be taken as 0.05%.
Since we cannot represent the four polytropic parameters in a single 4D plot, we will consider the 16 different 3-volumes that arise from fixing the value of Γ 3 . This means that each 3-volume will be given by The results of applying theλ • EOSs that do not reach 1.3624M are represented as the cyan region.
• EOSs that reach 1.3624M : 
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criterion. We will apply theλ tid 1 =λ tid 2 criterion to the mesh of EOSs given by eq. (14) , which has a total of 16 4 = 65536 EOSs. For each of these EOSs, we have already calculated 30 stellar configurations. Now we are interested in calculating the 1.3624M ⊙ configuration with a certain precision, which will be taken as 0.05%.
Since we cannot represent the four polytropic parameters in a single 4D plot, we will consider the 16 different 3-volumes that arise from fixing the value of Γ 3 . This means that each 3-volume will be given by The results of applying theλ In all the plots shown in FIG. 7 , the excluded red region is the same, i.e. it does not depend on the value of Γ 3 . In all the plots shown in FIG. 7 , the excluded red region is the same, i.e. it does not depend on the value of Γ 3 .
As one would expect, the excluded cyan region shrinks as Γ 3 increases, since greater values of Γ 3 for fixed values of {log 10 p 1 , Γ 1 , Γ 2 } mean greater mass values. Because of this, the allowed green region increases in size as Γ 3 increases.
A. GW170817 event restrictions on piecewise polytropic parameters together with the 2M constraint
Here, on apart from constraining the piecewise polytropic parameters {log 10 p 1 , Γ 1 , Γ 2 , Γ 3 } with theλ tid 1 =λ tid 2 criterion, we will also take into account the 2M constraint. The results are shown in FIG. 8 , where
• EOSs that do not reach 2M are represented as the cyan region.
• EOSs that reach 2M : As one would expect, the excluded cyan region shrinks as Γ 3 increases, since greater values of Γ 3 for fixed values of {log 10 p 1 , Γ 1 , Γ 2 } mean greater mass values. Because of this, the allowed green region increases in size as Γ 3 increases.
A. GW170817 event restrictions on piecewise polytropic parameters together with the 2M ⊙ constraint
Here, on apart from constraining the piecewise polytropic parameters {log 10 p 1 , Γ 1 , Γ 2 , Γ 3 } with theλ tid 1 =λ tid 2 criterion, we will also take into account the 2M ⊙ constraint. The results are shown in FIG. 8, where • EOSs that do not reach 2M ⊙ are represented as the cyan region.
• EOSs that reach 2M ⊙ : • In FIG. 8 the cyan region is larger for every value of Γ 3 than in FIG. 7 . This is the expected result since the cyan region now represents the EOSs that do not reach 2M instead of 1.3624M . Because of this, the allowed green region is now smaller for every value of Γ 3 .
• In FIG. 8 , the excluded red region is suppressed by the cyan one for small values of Γ 3 , which did not happen in FIG. 7 .
VII. CONCLUSIONS
The main objective of this paper was the development of a method to reconstruct the neutron star EOS from measurements of the mass and the tidal Love parameter of different neutron stars. The method is based in the one presented in reference [18] . It starts with a wide mesh of polytropic parameters (65536 EOSs) which is locally refined in the subsequent iterations. We have tested it considering the input data as 6 APR4 configurations (6 values of M APR4 andλ tid APR4 ) and found that the algorithm reconstructs the EOS up to a given tolerance. The reconstructed EOS and the original APR4 are very similar since the polytropic parameters of both EOS are similar itself. Moreover, the macroscopic parameters calculated from the reconstructed EOS are very similar to the ones calculated from the original APR4 EOS. We are confident that the method would work efficiently with experimental data. Also, the algorithm is designed in such a way that it can reconstruct the EOS even if its polytopic parameters do not belong to the initial mesh. We also studied the effect that an experimental error would have on the reconstructed EOSs, and concluded that Γ 1 is the most affected polytropic parameter under a small variation of the original input data.
As a subproduct of the meshing and refinement method, we have studied which EOSs of the initial mesh of polytropic parameters fulfill the constraints imposed by the GW170817 event. We used the waveform model TaylorF2 for the low-spin scenario, and showed that the EOSs that lie outside the 90% credible region when λ tid 1 =λ tid 2 define a zone of polytropic parameters that does not depend on Γ 3 . We also showed that the excluded region with the 2M constraint decreases as Γ 3 increases, which gives raise to larger allowed regions for greater values of Γ 3 .
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